Since
Theorem 1 follows at once from the following theorem. LEMMA 1. Let f(x) be II po2ynomia.l of highest coe$cient 1 of degree m with all its roots on the unit circle. Suppose that in the unit circle f (x) assumes its maximum at x0 (1 XCI 1 = 1), and let y0 be the root off(x) closest to XO. Then the arc between xg and yo is not less than a/m; and if it equals r/m, f(x) =xm-1. This is a theorem of M. Riesz3 Set n=2-3'5 ' -' pk.
LEMMA 2. pdogn.
LEMMA 3. $(n)we-%/log log n, where y is Euler's constant.
Lemma 2 is a well known consequence of the prime number theorem, and Lemma 3 follows from Lemma 2 and a theorem of Mertens.' LEMMA 4.Supposepku5u spk 4la where 1 <a 5 4/3, and let N be the number of integers not greater than u which are prime to n. Then for su.ciently large k, PROOF. The integers in question are primes greater than Pk. By the prime number theorem N -U/log 24 -&/log pk -U/log U.
Now l/log '112 3/(4 log pk) ; and, by Lemmas 2 and 3, log pENlog log n Me-m/$(n). Lemma 4 now follows from fl<3/4, LEMMA 5. Suppose that for an in$nite number of integers m we are given a polynomial g,,,(x) of highest coeficient 1 of degree m, with all its roots on the unit circle and symmetric with respect to the real axis, and with 1 g,,,(l) 1 = 1, Let t, be afunction of m such that t,/m <n and t,+ 00 as m-+ 0~. Suppose constants c4, B (0 <E < 1, 0 <cl < 1) given such that for any u with t, l--~ Su St, the number of roots of g%(x) =gm(eSe) with 10] 5u/m is greater than (1 +c&/7r, that is, greater than (1 +c.I) times the number of roots of xm = 1 in the same interval. Then for sti.ciently From (1) and (2) we deduce +,Z 0,, that is, the process has pushed roots of g, away from 1. If ede, eia are points above the real axis respectively inside and outside B, then a] (e'" -e'e)(e'" -e-i@) 1 /as = 8 sin B(cos (11 -cos 0) < 0 so that the process reduces g,,, outside B, that is, Outside the arc C the movement of roots tends to increase Jz,,,; the worst place is right at the end points of C and there we have the similar estimate (7) 1 W4 1 S hL)y 1 h&l 1 outside C. Now k, has roots all through B spaced Zrr/m apart, and k,#x"-1. By Lemma 1, k, must assume its maximum at a point xo outside C. Then, applying (3), (7), (6), and (4) in succession, we obtain PROOF OF THEOREM 2. Take n = 2 -3 -5 ---Pk. It is well known that IF,(l)1 =l. I n view of Lemma 4, we may apply Lemma 5 with m, g,(x), t,, E replaced by $(n), F,(x), $k4" and l/6 respectively. The conclusion is precisely Theorem 2.
Theorem 2 is probably not the best result. It should not be difficult to extend the method to show that A,, > exp (log B> k for every k and infinitely many n. A very much stronger result may be true, namely (8) A,, > exp (cm/log log n> for infinitely many n. If true, this would be essentially the best possible result, because for a certain cl4 and all n, A n < exp (clilnllog log n) .
(The proof is omitted.)
The possibility that (7) may be true is indicated in the following theorem. Then there exists an XO, 15x0 in, such that (9) 1 g(xa) 1 > ~162~'~(log k)-I".
The connection between Theorem 3 and (8) is as follows. The function g(x) measures how much the roots of F,,(x) are displaced from the uniform distribution.
Lemma 5 then suggests that it might be possible to prove
If in particular we take n = 2.3 ' 5 . * * $k, then pplog rtwk log k, and (10) is a result similar to (8). In carrying out the second summation, the first three terms vanish. Hence 12; k412 = H rFn Cd2 + 2MM5)/~S = n(2"P + 2P3.
